In this paper, we propose p -norm regularized models to seek near-optimal sparse portfolios. These sparse solutions reduce the complexity of portfolio implementation and management. Theoretical results are established to guarantee the sparsity of the second-order KKT points of the p -norm regularized models. More interestingly, we present a theory that relates sparsity of the KKT points with Projected correlation and Projected Sharpe ratio. We also design an interior point algorithm to obtain an approximate second-order KKT solution of the p -norm models in polynomial time with a fixed error tolerance, and then test our p -norm modes on S&P 500 (2008)(2009)(2010)(2011)(2012) data and international market data. The computational results illustrate that the p -norm regularized models can generate portfolios of any desired sparsity with portfolio variance and portfolio return comparable to those of the unregularized Markowitz model with cardinality constraint. Our analysis of a combined model lead us to conclude that sparsity is not directly related to overfitting at all. Instead, we find that sparsity moderates overfitting only indirectly. A combined 1p model shows that the proper choose of leverage, which is the amount of additional buying-power generated by selling short can mitigate overfitting; A combined 2p model is able to produce extremely high performing portfolios that exceeded the 1/N strategy and all 1 and 2 regularized portfolios.
Introduction
The origin of modern portfolio theory can be traced back to the early 1950's, beginning with Markowitz's work [Markowitz(1952) ] on mean-variance formulation. Given a basket of securities, the Markowitz model seeks to find the optimal asset allocation of the portfolio by minimizing the estimated variance with an expected return above a specified level.
Although the Markowitz mean-variance model captures the most two essential aspects in portfolio management-risk and return, it is not trivial to implement the model directly in the real world. One of the most critical challenge is the overfitting problem. Overfitting arises from the inability to perfectly estimate the mean and covariance of real-world objects. In fact, due to high dimensionality and non-normal distribution of the unknown variable, these estimates are especially inaccurate for stock data. Indeed, [Merton(1980) ] shows that most of the difficulty lies on the mean estimate. Moreover, [DeMiguel et al.(2009)] show that in order to estimate the expected return of portfolio of 25 stocks with satisfactorily low error, one would need on the order of 3000 months of data, which is both extremely difficult to acquire and too long for the model to obey the time-invariance assumptions. The Markowitz model does nothing to prevent the overfitting that comes from mis-estimation, and thus performs poorly across most out-of-sample metrics. For example, [DeMiguel et al.(2009b) ] evaluate the out-of-sample performance of the mean-variance model and find that none of algorithms to compute the solution of the Markowitz model consistently outperforms the naive 1/N (equal amounts of every stock) portfolio.
To alleviate the overfitting, several variants of the Markowitz model with regularizers/additional constraints have been proposed in the literature. The modifications can be viewed as adding a prior belief on the true yet unknown return distributions (as suggested by [Merton(1980) ]). In [Jagannathan and Ma(2003) ], the authors impose a non-shortsale constraint to the mean-variance formulation despite the fact that leading theory speaks against this constraint. Surprisingly, the "wrong" constraint helps the model to find solution with better out-of-sample performance. More recently, [Brodie et al.(2009) ] and [Rosenbaum and Tsybakov(2010) ] succeed in applying the 1 -norm technique to the Markowitz model to obtain sparse portfolios with higher Sharpe ratio and stability than the naive 1/N rule. By adding a norm ball constraint to the portfolio-weight vector, [DeMiguel et al.(2009) ] provide a general framework for determining the optimal portfolio. The computational results demonstrate that the norm ball constrained portfolios typically achieve lower out-ofsample variance and higher out-of-sample Sharpe ratio than the proposed strategies in [Jagannathan and Ma(2003) ], the naive 1/N portfolio and many others in the literature.
Meanwhile, the optimal portfolio of Markowitz's classical model often holds a huge number of assets and some assets admit extremely small weights. Such a solution, however, is not attainable in most situations of the real market. Due to physical, political and economical constraints, investors would be willing to sac-rifice a small degree of performance for a more manageable sparse portfolio (see [Shefrin and Statman(2000) , Boyle et al.(2012) , Guidolin and Rinaldi(2013) ] and references therein). An illustrative example comes from the most successful investor of the 20th century, Warren Buffet, who advocates investing in a few familiar stocks, which is also supported by the early work of Keynes (see [Moggridge(1983) ]).
A popular way to construct the sparse portfolio is via the cardinality constrained portfolio selection (CCPS) model ( [Bertsimas and Shioda(2009) , Cesarone et al.(2009) , Maringer and Kellerer(2003) ]) , i.e., choose a specified number of assets to form an efficient portfolio. Unfortunately, the inherent combinatorial property makes the cardinality constrained problem NP-hard generally and hence computationally intractable. By relaxing the hard cardinality constraint, many heuristic methods [Bienstock(1996) , Chang et al.(2000) ] have been proposed to solve the CCPS. Very recently, by relaxing the objective function as some separable functions, [Gao and Li(2013) ] obtain a cardinality constrained relaxation of CCPS with closed-form solution. The new relaxation combined with a branch-and-bound algorithm (Bnb) yields a highly efficient solver, which outperforms CPLEX significantly.
The main objective of our paper is to propose a novel and non-CCPS portfolio strategy with complete flexibility in choosing sparsity while still maintaining satisfactory out-of-sample performance. Here, we discuss a new regularization of Markowitz's portfolio construction both with and without the shortsale constraint. To accomplish this objective, we turn to the p -norm (0 < p < 1) regularization which recently attracts a growing interest from the optimization community due to its important role in inducing sparsity. Theoretical and empirical results indicate that the p -norm regularization ([Chartrand(2007) , Xu et al.(2009 ), Ji et al.(2013 , Saab et al.(2008) ]) could have better stability and sparsity than the traditional 1 -norm regularization. In this work, we take a step to study the theoretical and computational performance of the p -norm regularized portfolio optimization problem in the framework of the Markowitz model.
The contributions of our paper include (i) a novel portfolio strategy to produce 50%-95% more sparse portfolios with competitive out-of-sample performance compared with the Markowitz model and the 1 -norm model; (ii) a polynomial time interior point algorithm to compute the second-order KKT solutions of our p -norm models; iii) an extension of the modern portfolio theory that relates sparsity to "Projected correlation" and "Projected Sharpe ratio"; (iv) an "efficient frontier" outlining the optimal tradeoff between sparsity and expected return and variance.
The remainder of this paper is organized as follows. In Section 2, we review some relevant portfolio models in the literature and present our p -norm regularized formulations for sparse portfolio selection with/without shorting constraints. In Section 3, we develop the p -norm regularization portfolio theory with financial interpretation, and design a fast interior point algorithm to compute the KKT points of our regularized models in polynomial time. We also construct some toy examples to show the intuition of our portfolio theory. Section 4 is devoted to the computational results of the regularized models and comparison between different models, which show our portfolio strategies have high sparsity but still maintain out-of-sample performance. Section 5 concludes our work and provides a possible application of our research. All proofs of the propositions can be found in the Appendix I and the details of our interior point algorithm are described in the Appendix II.
The Related Models
Given a portfolio consisting of n stocks. The Markowitz mean-variance portfolio is the solution of the following constrained optimization problem
where Q ∈ n×n is the estimated covariance matrix of the portfolio, m ∈ n is the estimated return vector, m 0 ∈ is a specific return level, and e is the vector of all ones with a matching dimension. Note also that, if the non-shortsale constraint x ≥ 0 is added to (2.1), the resulting model is the formulation of the shorting-prohibited Markowitz model. Assume the optimal Lagrangian multiplier associated with the mean constraint is known as φ. Then we can recast the Markowitz model without (with) no-shorting constraint as a linear equality constrained optimization problem
2)
where c = φm. [Brodie et al.(2009) ] discuss the 1 -norm regularized Markowitz model
Here the 1 -norm of a vector x ∈ n is defined by x 1 := n i=1 |x i | and ρ is a positive penalty parameter. Sparse portfolios can be obtained by solving (2.3) with increasing values of ρ. The 1 -norm, however, cannot be effective in conjunction with the no-shorting constraint, and thus it cannot induce sparsity beyond the sparsity of the no-shorting Markowitz portfolio. This fact can be explained as follows: let x + and −x − denote the positive and negative entries of x, respectively. Then, in order to satisfy the budget constraint, we must have:
Since x 1 = e T x + + e T x − , we also have that x 1 = 2e T x − + 1. Thus, adding x 1 into the objective penalizes shorting activity the sum of the absolute negative entries in x and thus has less effect as a penalty on sparsity.
Such a gap motivates us to study the following concave p -norm (0 < p < 1) regularization of the no-shorting mean-variance model
where the p -norm of x ∈ n is defined as x p = p n j=1 |x j | p . And then when x ≥ 0, x p p = n j=1 x p j . It is noteworthy that the p -norm regularized problem (2.4) can be regarded as a continuous iterative heuristic of the following CCPS problem
where x 0 represents the number of the nonzero entries of x and K is the chosen limit of stocks to be managed in the portfolio. We also study the portfolio selection problem with the no-shorting constraint removed. Analogues to the above models, we consider the following p -norm model
(2.6) Moreover, [DeMiguel et al.(2009) ] construct the optimal portfolio with high Sharpe ratio via solving the following the minimum-variance problem subject to a norm ball constraint, i.e.,
where δ is a given threshold. Following this work and specifying the general norm as the 1 -norm, we propose the 1 -norm ball constrained the p -norm regularized Markowitz model
(2.8)
By splitting the vector x := x + − x − , (2.8) can be equivalently written as
(2.9)
Besides, we also consider the following 2 − p -norm double regularization Markowitz model which can be seen as a Lagrangian form of (2.7) with a 2 -norm ball
as well as its splitting form
It can be shown later that the regularization models (2.9) and (2.11) always produces a complementary pair x + and x − : that is, x + j x − j = 0 for all j. In this paper, we develop theories on the models as well as computation evidences that the models produce sparse portfolios with high out-of-sample Sharpe ratio.
p -norm Regularized Portfolio Theory
In this section, we develop theoretical results on the sparsity of the p -norm regularized models with toy examples to illustrate the intution and also provide financial interpretation of the theory. Our approach to establish the theoretical results is motivated by the results ([Chen et al(2010) ]) in singal processing. For simplicity, hereafter we will fix p = 1/2.
Bounds of Nonzero Elements of KKT Points
First, we develop bounds on the non-zero entries of any KKT solution of the p -norm regularized Markowitz model with the non-shortsale constraint x ≥ 0.
Theorem 3.1 Letx be any second-order KKT solution of (2.4), that is, a first-order KKT solution that also satisfies the second-order necessary condition,P be the support ofx andQ be the corresponding covariance sub-matrix. Furthermore, let K = |P | and
which are the diagonal entries of the projection ofQ onto the null space of vector e:
Then it holds that
(ii) If L i = 0 for some i ∈P , then K = 1 so thatx i = 1; otherwise,
Proof: Please see the proof in the Appendix I.
Note that if i∈P L i = 0, the first statement of our theorem implies that K = 1. This can be explained as follows. i∈P L i = 0 implies the projectedQ matrix
Then,Q = αee T for some α ≥ 0, in which case the portfolio variancex TQx = α and it is a constant. Thus, the optimal solution of the regularized problem would allocate 100% into the stock with the highest c i or highest return factor. Our theorem also implies that the greater of λ, the less of K. The quantity of i∈P L i represents the total diversification coefficient of the set of stocks i ∈P ; the smaller of the quantity, the less the size ofP -the set of selected stocks in the portfolio by the p norm regularized Markowitz model. The second statement provides an even stronger notion: if any L i = 0, i ∈P , then K = 1. Basically, it says that investing only into the ith stock suffices, since no diversification can help in this case. Note that L i can be interpreted as other stocks' correlation to stock i. If L i = 0, then other stocks present no diversification to the ith stock.
Next, we move to the 1 -norm ball constrained p -norm regularized Markowitz model and the double regularized model. The following theorems characterize the bound of nonzero elements of any second-order KKT points of problem (2.9) and (2.10).
Theorem 3.2 Letx = (x + ,x − ) be any second-order KKT solution of problem (2.9) with δ > 1,P + andP − be the support ofx + andx − , andQ + andQ − be the corresponding covariance sub-matrices, respectively. Furthermore, let K + = |P + | and K − = |P − |, and
which are the diagonal entries of the projection ofQ j onto the null space of vector e:
(ii)
Theorem 3.3 Letx = (x + ,x − ) be any second-order KKT solution of (2.11),P + andP − be the support ofx + andx − , andP =P + ∪P − . Furthermore, letQ be the covariance sub-matrices corresponding toP , K = |P |, and
(ii) If L i = 0 for some i ∈P , then K = 1 so thatx i = 1 and i ∈P + ; otherwise,
The theories developed above indicate the importance to compute a second-order KKT solution, rather than just a first-order KKT solution, of the p -norm regularized portfolio management problems (2.4) and (2.9). In this paper, we present an interior point algorithm to compute an approximate second KKT point in polynomial time with a fixed error tolerance; see details in the Appendix II. The overall idea of using the interior-point algorithm is to start from a fully supported portfolio x (that is, x > 0) of every stock in consideration and iteratively eliminate a fraction of stocks at the end of the process.
Characteristics of L i
In the theory supporting our model (see Section 3.1), there arose several interesting facts and characteristics to note about the "Projected variances" -{L i } over the support set of a portfolio selected by the p -norm regularized Markowitz models.
Given any stock portfolio, with the non-zero portion denoted as x, having support P of size K one can rewrite the quantity L i in Theorem 3.1, as follows:
(3.1) e i ∈ R K is the vector of all zeros except 1 at the ith position and e 0 = 1 K e ∈ R k . Here e i and e 0 are the respective distributions obtained by investing 100% in stock i and 1 K in each stock of the portfolio x, and η represents the random return vector of the portfolios. Note that L i , i = 1, ..., K, is independent of the entry values of x.
The difference vector (e i − e 0 ) can be viewed as the "cost-neutral portfolio action" that sells an equal amount of everything in the current portfolio and uses all those funds to buy exactly one stock, stock i, within the current portfolio. Thus, L i estimates the variance of this action. Let us now consider the feasible and optimal solutions of the Markowitz Model in Lagrangian form:
where φ is Lagrangian multiplier associated with the expected return inequality.
For any distribution portfolio-the non-zero portion denoted as x-one can plot the objective function of moving in a feasible exchange direction e i − e 0 :
We now consider which stock would increase the variance the least when we remove it from that portfolio x. Suppose we remove stock i in the direction e i − e 0 , then we have a new portfolio support P/{i} with distribution 
These marginal costs are only upper-bounds on the true costs of sparsity. They do not consider any further improvement that could be made by re-balancing, and thus over-estimate costs. When our current portfolio x is a near-KKT point or local minimizer, we know from the first-order conditions that the first part
must be near zero and thus the second order term will be a good approximation for the Marginal Cost by itself. Hence, at a near (locally) optimal portfolio x, the best candidate for removal can be found by searching for the smallest values of x i √ L i .
Relative Sparsity Cost Index (3.5)
Where the smallest non-zero RSC index is the cheapest (on the margin) to eliminate from x, and is likely to be the cheapest (absolutely) to remove. Thus the quantity L i can be viewed as measures of elasticity: they indicate how sensitive the objective value is to small cost-neutral changes in x; small L i values therefore indicate which stocks could be removed from the portfolio with lowest cost.
The Financial Interpretation of
The cost-neutral portfolio actions e i − e 0 | i ∈ [1, n] form a basis of the feasible directions, and thus the directional derivatives of the objective along these directions form a method of sensitivity analysis.
Wherem is the average of the expected returns of all stocks in the support of x.
At an optimal point, these derivatives must be zero. And for small deviations from optimality, these values can be used to approximate any smooth continuous function of the optimal solution. Next, let's pay more attentions to the optimal step-size along the basic feasible directions. Specifically, given the direction e i − e 0 , the corresponding optimal stepsize ε * i is given by
which follows directly from (3.3). At any optimal point the directional derivative is zero and thus the optimal step-size is zero; but if we were to consider a small change in the projected gradient, ε * i estimates the changes in optimal solution by taking the direction e i − e 0 . By substituting (3.1) and (3.6) into (3.7), we obtain
The two parts can be easily related to the concepts "Projected correlation" and "Projected Sharpe ratio", where the Projected correlation is
, (3.8) and the Projected Sharpe ratio is
.
(3.9)
Then the optimal step size can be equivalently written as:
(3.10)
It is clear that the optimal step size is sensitive to the inverse of the standard-deviation of the cost-neutral portfolio (inversely), as well as to the current portfolio standarddeviation. The Projected correlation and Projected Sharpe ratio (as well as φ) give the exact coefficients of these relationships.
Toy Examples
In this section, we illustrate the previous sensitivity analysis by some dummy examples. Consider the first example in Table 1 , where the portfolios include three stocks with identically distributed variance yet differing expected returns. The lower returning stock admits a slightly smaller percentage (32.33% vs 34.33%) in the optimal portfolio due to the small reward (φ = 0.01) for the expected return. Since the RSC of stock 1 attains the minimum cost of the three stocks, according to our sensitive analysis, the investor would intuitively decrease the investment in the first 
stock further and thus remove the first stock from the basis to form a sparse portfolio (with the increasing of λ ). Direct calculation also shows that this is the lowest cost stock to remove.
Consider the portfolio in Table 2 , where two stocks are positively correlated yet a third stock is independent; all the stocks share a common mean and variance. The large value of L 1 (see the MCS equation in (3.4)) suggests that the first stock may not be a good candidate to be removed, which can seen clearly by comparing the variances of the portfolios with two stocks. Table 3 lists the portfolio consisting of three stocks, where the third stock is actually a zero-cost mutual fund-one that simply invest equally in the first and second stocks. This third stock creates redundancy and thus infinitely many optimal solutions are possible (we have shown one arbitrarily). If we were to drop either the second stock or the third (but not both) from the portfolio, then we would still be able to attain the same optimal objective (75%-25% mix of Stock 1 and Stock 2 respectively for this small φ, and a more balanced mix larger φ). Moreover, we see that L 3 = 0, and this fact correctly predicts that there exists a strictly sparser optimal portfolio. 
As a last example, consider Table 4 , where we have a set of stocks that include two of them with high variance and positive correlation to most other stocks, yet highly negative correlation with each other. These two stocks alone would make an excellent portfolio of size two. Here we see that the smallest investments in the Markowitz portfolio are not necessarily the stocks to remove (to achieve the best 
sparse portfolio). The best portfolio with single stock is stock 1. The best portfolio of size 2 contains Stock 3 and 4. The best portfolio of size 3 excludes stock 1. The Relative Sparsity Costs seem to hint at many of those choices.
Computational Results

Data, Parameters and Models
To test the p -norm regularized models, we collected historical daily stock price data in S & P 500 index from CRSP Database 6 , which spans from 31/12/2007 to 31/12/2012. We don't include any company unless it is traded on the market at least 90% of the trading days during the data period, nor do any company not listed on the market for the entire timescale. The total list has 461 companies by 1259 trading days. Since S & P 500 stocks have a high average correlation around 0.4516, for the purpose of testing our model under more uncorrelated data, we further considered a larger dataset that contains 53 commodity ETF daily data from American market, and 236 stocks data of Husheng 300 Index from Chinese market. 7 To deal with the mismatch between China and America's calendars, we set the return of stocks not traded because of holidays on either country to zero. We employ the rolling-window method to evaluate the out-of-sample performance 8 , with 500 days and 537 days training window, 21 days and 63 days estimation window respectively. The portfolios obtained from S&P data and International data are named as S&P Portfolio and International Portfolio, respectively.
Note that the coefficient c = φm in the linear objective term of the regularized models. To solve the p -norm Markowitz models, proper φ values should be be chosen accordingly. To achieve this objective, we first set reasonable values for the minimum target return m 0 , and then calculate the φ-values from the dual variables of the models in constraint form. We use mean, variance and Sharpe Ratio to evaluate the out-ofsample performance, where the Sharpe ratio computed here uses the same method as [DeMiguel et al.(2009) ].
No-shorting Constraint Case
In [DeMiguel et al.(2009b) ], the authors apply the 1 -norm technique to seek sparse portfolios. The 1 -norm, however, plays no role in the Markowitz model with noshorting constraints. However, since no-shorting environments and investors exist extensively in the real market, we turn to the p -norm regularization to seek portfolios with desired sparsity in this situation. As we will see later, our p -norm regularized model (2.4) with no-shorting constraints produces extremely sparse portfolios with comparison to the already sparse Markowitz no-shorting model portfolios.
The p -norm regularized model is compared with two benchmarks in the framework of Markowitz model with no-shorting constraints. The first one is the Markowitz model without regularization (λ = 0) and the second is the cardinality-constrained portfolio selection (CCPS) model. The global optimal cardinality-constrained portfolios are found by solving the following integer formulation of problem (2.5): Table 5 reports the portfolio weight, the mean, the variance and the sparsity of the Markowitz portfolios with the specified return m 0 ranging from 0.02% to 0.12%. The portfolios range from 19 to 26 stocks, which are about 4.1%-5.6% of the full set. The expected return of each portfolio equals or exceeds the minimum target return. The trend that portfolios with higher target return also have higher estimated variance is clear in the table. Table 6 lists the results of the p -norm regularized Markowitz model with λ = 5.5e − 6 by our second-order interior point algorithm. Clearly, the resulting portfolios are of low variance and larger sparsity. Specifically, the number of positive position ranges from 3 to 6, which are only 15-25% of the number of stocks in the Markowitz portfolios and 0.5-1.5% of the total number of stocks. We also find that these portfolios have a similar composition to the non-zero unregularized counterparts. The top companies are the same (SO, K, KMB, GIS, AZO) and there is a complete overlap between the unregularized and regularized models: none of the companies in the sparse portfolios were found with 0% stake in the unregularized portfolios. However, the composition is far from identical as many low-weighted stocks in the unregularized portfolios have large weights in the sparse portfolios. Moreover, Figure 1 shows the number of positive positions versus the regularization parameter λ graph of the p -norm regularized portfolios. With minor exception, increasing lambda almost always results in a more sparse solution which is consistent with our portfolio theory developed in Section 3. 
In-Sample Performance
Figure 1: Portfolio Sparsity
A comprehensive comparison of computational results between our p -norm regularized model and the cardinality constrained portfolio selection (CCPS) model are reported in the Table 7 . As can be seen in the table, our regularized p -norm performs almost as well as theoretical possible-the difference of the variance estimation between the two models are within 0.2% in all cases and the difference of the mean estimation are within 0.02%. Therefore, compared to the computational intractable cardinality constrained portfolio optimization, our p -norm regularized portfolio, which can be obtained in polynomial time, performs almost as well and seeks near optimal sparse portfolios. [Brodie et al.(2009)] show that sparse portfolios are often more robust and thus outperform the portfolios with less sparsity in terms of out-of-sample performance. In their analysis, the no-shorting constraint (x ≥ 0) is taken as the most extreme sparsity inducing measure. We continued this investigation by taking the no-shorting constraint as the least extreme measure and adding the p -norm regularizer onto the objective function. It is interesting to ask whether the sparsest portfolios will outperform other portfolio strategies with less sparsity. Figure 2 and Figure 3 show the out-of-sample portfolio returns and variances obtained by the p -norm regularized Markowitz model with λ ranging from 5.0e-7 to 5.5e-6 and the CCPS, respectively. From Figure 2 , we observe clearly that most of the plots go up slightly and then achieve its maximum, indicating that the portfolios with moderate sparsity (around 10) perform very well, even better than the Markowitz portfolio. However, with the continuously increasing of sparsity, the mean will go down dramatically and thus the regularized portfolios with extreme sparsity perform poorly in the sense of portfolio mean. Figure 3 shows that the variance of the regularized portfolios is increasing with a incremental rate with the increasing sparsity of the portfolios. However, though the highly sparse portfolios performs poorly in the sense of portfolio variance, the intermediate portfolios with about 10 companies suffered a 15-25% increase in variance which is also comparable to the CCPS integer portfolios. Figure 4 shows the out-of-performance Sharpe ratios of our p -norm regularized portfolio and the CCPS integer portfolio. Although the Markowitz portfolio (with λ = 0) outperforms our p -norm regularized model in terms of the out-of-sample Sharpe ratio, the sparse portfolios may be more implementable due to the transaction costs or logistical limitations reasons. Our results indicate that an intermediate sparse portfolio may get a comparable or at most only 10-20% cost in Sharpe ratio while reducing more construction costs. Also, the p -norm regularized approach is competitive with the computationally gigantic integer approach in the sense of out-of-sample performance. 
Out-of-Sample Performance
Shorting-Allowed Extension
Next we relaxed our constraint to allow the short-selling of stocks. We compare our model (2.6) with the 1 -norm ball constrained portfolios studied by [DeMiguel et al.(2009b) ], as the strategy may find sparse portfolios with improved out-of-sample Sharpe ratios. Figure 5 shows that the shorting-allowed Markowitz portfolios behave eccentrically (also see Table 8 ), with the portfolio including all the stocks no matter the choice of the parameter φ. Meanwhile, our p -norm regularized model (2.6) is able to reduce the number of investing stocks drastically. For example, only 22 stocks are involved in the Markowitz regularized portfolio for λ = 1e − 6 and m 0 = 0.06%, and thus there is a 95.2% reduction of the portfolio size. The parameter λ can be regarded as a server to control the portfolio sparsity.
p -norm Regularized Model
The out-of-sample results are similar to the shorting-prohibited case. From Table  Figure 4 : Portfolio Sharpe Ratios Figure 5 : Portfolio Sparsity 8, we see that the Sharpe ratio tends to be the highest when λ is not too large, and would decrease with the increasing of the parameter λ. However, even for a significantly small λ, the regularized portfolios are much more sparse (e.g. 79 versus 461), and of competitive or better performance while compared with the Markowitz portfolio. For larger values of λ, there is a clear tradeoff between the portfolio sparsity and performance.
1 -norm Ball Constrained Model
For the purpose of comparison, we also post the results of 1 -norm ball constrained portfolios on the same data set. The 1 -norm ball constrained model considered in this section takes the following form
where δ ≥ 1. Figure 6 shows the number of nonzero positions versus the threshold parameter δ of the 1 -norm ball constrained portfolios. It is clear that the sparsity decreases at a fast speed with the increasing of δ. The left-most date points corresponds to the shorting-allowed Markowitz model where the 1 -norm ball constraint is not effective while the right-most data points (δ = 1) corresponds to the shortingprohibited Markowitz mode where the 1 -norm ball constraints takes its most effective role in inducing sparsity. However, even when δ = 1, the average sparsity of the portfolio is around 15, which is much more dense than the shorting-allowed portfolio with λ smaller than 3.5e-6.
We can make a detailed comparison between 1 -norm ball constrained model and p -norm regularization model by Table 8 and 9. It is easy to see that when δ equals 1.5 or 2, the out-of-sample performance of p -norm models is similar to that of the 1 -norm ball constrained portfolios but the former is much more sparse. However, the performance of the p -norm models is surpassed when δ is increased. In that case, the 1 -norm ball constrained portfolio achieves a better out-of-sample performance with the sacrifice of sparsity, see Figure 7 . Moreover, the largest out-of-sample Sharpe Ratio is achieved when δ ≈ 16. From this figure, we can also see that the shorting-allowed Markowitz Model (far left points) is better than shorting-prohibited Markowitz Model (far right points). This is consistent with the remark made by Jagannathan and Ma(2003) ] that when daily data is used, shorting-prohibited models perform almost as well.
1 -norm Ball Constrained p -norm Regularized Model
In the last two sections, we have discussed the computational performance of the 1 -norm ball constrained Markowitz model and the shorting-allowed p -norm regularized Markowitz models (2.4) and (2.6) individually. Next, we consider the 1 -norm ball constrained p -norm regularized model (2.9) to investigate the relationship between the leverage (characterized by the 1 -norm), the sparsity (induced mostly by the p -norm) and the out-of-sample performance. According to the results of the performance. Table 10 reports the out-of-sample computational results for the cases where δ is taken as 1.5, 2 and 32, and m 0 is set as −∞ and 0.04%. Since the 1 -norm constrained p -norm regularization enjoys the similar trend for different choices of δ, we don't report the corresponding results for succinctness. From the table, we see clearly that the sparsity, in general, is antagonistic to performance. Thus, there exists a tradeoff between performance and sparsity. Though the performance varies for different values of λ , a well performed portfolio can be obtained when λ is smaller than 4.5e-06. And when λ is not very large, say less then 2e − 6, the sparsity need not come at a high price (of Sharpe ratio) and there are many sparse portfolios with comparable performance to the portfolios found with λ = 0. Also, we find that with the increase of λ, the leverage of the resulting portfolio decreases significantly. Thus, it seems that the leverage of the portfolio is mostly determined by the choice of λ. Moreover, we note that there appears to be little cross-effect between sparsity and leverage on performance.
2 − p -norm Double Regularized Model
As mentioned in [DeMiguel et al.(2009) ], the 2 -norm constraint can be viewed as placing a prior on the 1/N strategy, thus it is reasonable to expect the results close to the 1/N strategy. Yet, most investors would not invest into a portfolio with huge number of stocks, which motivates us to develop a portfolio strategy with less stocks but similar to the 1/N strategy with competitive out-of-sample performance, especially for those passive investors. For this purpose, it is natural to consider the p -norm regularization of the 2 -norm constrained Markowitz model
or its Lagranagin version (double regularization Markowitz model (2.10)) to see if we can obtain a portfolio that balances sparsity and uniform prior. The results of the 2 − p model are shown in Table 11 , with different choices of λ and δ. The parameters µ and φ in the regularized model 2.10 are obtained from the dual variables of problem (4.5) with λ = 0. Seen from the result, the optimal portfolio obtained by the double regularization formulation would include all the stocks in the case that λ = 0 for all values of δ, closely related to the 1/N strategy. Also, the portfolio becomes more sparse with the increasing of λ and fixed δ, while more dense with the increasing of δ and fixed λ . This trend shows a tradeoff between p -norm regularization and 2 -norm ball constraints. It is also note that the strategy to invest all stocks doesn't usually perform best in the sense of Sharpe ratio. For example, in the case that λ=1.25e-5, δ=0.1 and m 0 =0.08%, we can find a portfolio with only 135 stocks yet with a high Sharpe ratio 0.575, which is much better than the Sharpe ratio 0.374 attained with λ = 0. Similar as the observation before, the extremely sparse portfolio often performs poorly showing a tradeoff between sparsity and performance.
Also, the most constricting delta (δ = 0.1) had the highest performing portfolios, suggesting that the presence of a strong uniform prior on all stocks helps mitigate overfitting due to poor variance/covariance estimates. The out-of-sample performance was increasing in λ when λ was not too large. These moderately sparse, highly 2norm constricted portfolios performed excellently (all had Sharpe Ratio near or above 0.5). Thus the 2 and p norms appear to exhibit synergy in reducing overfitting. Table 12 lists the out-of-sample computational results of our 2 − p double regularization model for international data with much more diversity. Compared with the results for S & P data, the overall performance is greatly enhanced, especially for the sparsest portfolios. Very surprisingly, we even find that a portfolio with two stocks perform quite well. And also we see that the cost of sparsity need not be high even for very sparse portfolios if the stock base is favorable.
Discussions and Conclusions
p -norm regularized Dynamic Portfolios
A closely related application to our model is the dynamic portfolio selection. Instead of seeking a sparse portfolio, we are looking for a sparse adjustment to an already existing portfolio. Consider the following cardinality constrained optimization model.
Here the a-vector is a feasible portfolio (e T a = 1 and a ≥ 0), representing the current state of our dynamic portfolio. Similar to the Markowitz model, the dynamic portfolio has found many applications. One is the situation where implementing the portfolio takes a significant amount of time (perhaps we must execute our orders sequentially with long delays in-between) and we wish our first orders to constitute an nearoptimal portfolio. Another is the situation where our estimates Q and c = φm are themselves varying over time, enough to warrant a re-balancing, yet we still have limits on trading-either due to transaction costs or structural limitations. This model has a non-differentiable point in the middle of the feasible region (x = a), but can be reformulated (by substitution: y = x − a) to achieve a model very similar to the non-dynamic sparse portfolio model: We note that the objective function is still a quadratic function, and that the constraints are also of the same shape. Instead of solving the original model (5.2), we consider the following p norm regularized dynamic Markowitz model By letting y = y + − y − and using the concavity of · p p , we know the regularized model (5.3) can be equivalently written as (5.4) which can be further simplified to the following model
5)
Similar as the non-dynamic p -norm portfolio model, this resulting p -norm model can also be solved by the second order interior interior point method.
Conclusions
In this paper, we propose an p -norm regularized model with/without shortsale constraints to seek near-optimal sparse portfolios to reduce the complexity of portfolio implementation and management. We also study the impact of the 1 and 2 norms and their cross-effects on overfitting. Theoretical results is established to guarantee the sparsity of the novel portfolio strategy. Computational evidence also clearly shows that the p -norm regularized portfolio is able to choose sparsity with completely flexibility while still maintaining satisfactory out-of-sample performance-comparable to that of the NP cardinality-constrained portfolios. We find that the 1 -norm can be viewed as a prior on the optimal level of portfolio leverage; a small 1 -penalty can improve performance. The 1 norm greatly reduces the feasible region helping algorithms converge quickly. It also is shown to be synonymous with leverage-a very important financial term and quantity of great theoretical interest.
Meanwhile the 2 -norm can be viewed as a prior on the estimated covariances; we find that a large 2 -penalty can greatly improve performance, It also could improve tractability by bounding the feasible region. And 2 -norm and the p -norm have positive cross-effects on performance-the combined model consistently portfolios outperformed all others.
Generally, when we do not pursue the most sparse portfolio,then the cost of sparsity is low-especially when the original portfolio of stocks is diverse. And our research provides a toolset to evaluate the tradeoffs between sparsity and out-of-sample performance.
Our models also importantly provide a theoretical framework. In this framework, sparsity can be studied in relation to leverage, correlation, Sharpe-Ratio and financial theory, where both practical bounds and qualitative insights can be made. 6 Appendix 6.1 Appendix I: Proofs of the Propositions Proof of Theorem 3.1. Since the second-order necessary condition of (2.4) holds at the pointx, the sub-Hessian matrix of the objective function corresponding to the indicesPQ − λ 4X
−3/2 0 on the null space of e. This means the projected Hessian matrix
By adding the two equalities above, we have λ 2 (x + ) i + λ 2 (x − ) i − 2λ 2 = 0. (6.4) However, since (x + ) i > 0, (x − ) i > 0 and λ 2 ≤ 0, the equality (6.4) cannot hold. This contradiction shows thatP + ∩P − = ∅. (ii,iii) Since the proof of the remainder parts of this theorem is similar to that of Theorem 1, we omit the details.
Proof of Theorem 3.3 . The proof of this theorem is similar to that of Theorem 1. We omit the details.
to obtain the direction d k . By lettingd k = X −1 k d k , we can recast the above ellipsoidal trust-region constrained problem above as a ball-constrained quadratic problem
s.t. AX kd k = 0, d k 2 ≤ β 2 ε.
(6.6) Note that problem (6.6) can be solved efficiently even when it is nonconvex (see [Bian et al.(2012)] ).
Let
If Q k is semidefinite, the solutiond k of problem (6.6) satisfies the following necessary and sufficient conditions:
(6.7)
In the case that Q k is indefinite, it holds that (6.8) where N k is an orthogonal basis spanning the space of X k A T . To evaluate the performance of the affine scaling method, we need the definitions of ε scaled first-order and second-order KKT solutions. x * is said to be an scaled first-order KKT solution of (6.5) if there exists a y * ∈ p such that
(6.9) Furthermore, if X * QX * − λ 4 √ X * + √ I is also semidefinite on the null space of X * A T , we call x * an scaled second-order KKT solution. If ε = 0, the ε scaled first-order KKT solution reduces to X * (Qx * − c) + λ 2 √ x * − X * A T y * = 0, which is exactly the first-order condition of (6.5). In this case, the ε scaled secondorder condition collapses to N T X * QX * N − λ 4 N T √ X * N 0 (6.10)
where N is an orthogonal basis spanning the space of X * A T . By direct computation, we know (6.10) recovers exactly the second-order optimality condition of problem (6.5).
For the convergence analysis of our proposed interior-point algorithm, we make the following standard assumption. For any given x 0 ≥ 0 such that Ax = b, there exists R ≥ 1 such that
Under the assumption above, we are able to establish the next theorem showing that the affine scaling is able to obtain either an ε-scaled second-order KKT solution or an ε global minimizer in polynomial time.
Theorem 6.4 Let ε ∈ (0, 1]. There exists a positive number τ such that the proposed second-order interior point obtains either an ε scaled second-order KKT solution or ε global minimizer of (6.5) in no more than O(ε −3/2 ) iterations provided that β ∈ (0, τ ).
Proof: With loss of generality, we assume the radius R = 1 in the assumption. To proceed the proof of this theorem, we first introduce the following Lemma.
Lemma 6.1 If µ k > λ/6 d k holds for all k = 0, 1, 2, . . ., then the second-order interior point algorithm produces an ε global minimizer of (6.5) in at most O(ε −3/2 ) iterations.
Proof: By the Taylor expansion of √ ·, it is easily to show that
From (6.7) and (6.8), then
(6.11) where the second inequality follows from the semidefiniteness of (N k ) T ( Q k )N k + µ k I and the last inequality comes from the relationship that d k < 6µ k /λ. Combining (6.11) with the fact that d k = β √ ε due to µ k > 0, we further have
